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We consider the problem of an infinitely conducting plane piston moving
with constant velocity U in a2 medium of finite conductivity, which varies
in the direction of motion of the piston (along the x-axis) according to
the law

g = gz~1 {1}

where s is a constant in the region where the gas parameters are con-
tinuous. The problem for a medium with a constant finite conductivity was
treated by Cole [1] with the assusption of small U. For the case of a
shock wave with s jump in conductivity, the problem of a plane piston,
taking into account the radiated electromagnetic waves, was solved in [zl

At the initial instant of time a plane piston starts to move with
velocity U from the origin into a gas at rest with pressure p, and density
Pg- At the initial instant let there be a constant magnetic field of in-
tensity Hy, directed along the z-axis. A shock wave is propagated into
the gas, abruptly changing the gas parameters. In front of the shock wave
the initial electromagnetic field and the parameters of the medium will
be disturbed by the passage of the electromagnetic waves. We wish to
find the dependence of the gas velocity v, pressure p, density p, mag-
netic field M and the other characteristics on the coordinate x and the
time ¢,

The system of magnetohydrodynamic equations, including the displace-
ment current, have the form (c is the velocity of light)
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The boundary conditions at the shock wave take the form

1 1
po—D1=0, Go—D+n=0{o—D)(;=7p+gm)+m}=0 @
orr c
{vll—\’m a—;} =0, ()} =0, Vo = Ins
Here D is the velocity of the shock wave, and the curly brackets de-
note the difference in quantities across the surface of discontinuity.

At the piston we have the condition v = U.

From considerations of the theory of dimensional analysis (3] it
follows that the sought-for characteristics depend only on one dimension-
less variable, for which we take the quantity A = x(Dot)'l. We introduce
the dimensionless functions

H=1I,G (M), E = HyF (A, v = D¢V (A)
p = poDe®P ()), p = padl (A), D= DA {Ar==const)
Here D, is the velocity of the shock wave for Hy = 0. In dimensionless

form the system (2) reduces to a system of ordinary differential equa-
tions

— AR’ 4 (RVY =0, R(— AWV £ AVV)= — AP + qi )
—1
AV —A) P 4 Al e O = Lo, AG =87, —AG = hrti — SAAF"
i=w(l' —8VG), 0=sc"l, &= Dy, g = Ho? (Depo)~

Condition (3) for x = Dt, i.e. for A = A, may also be written in
dimensionless form. The condition on the piston becomes

V=fg—=V

0

for A=V,

n

Moreover, for A = 5—1, i.e. at the electromagnetic wave front, the
condition of continuity of the electric and magnetic fields must be
satisfied.

The problem will be solved in the region between the electromagnetic
wave and the shock wave (region 1) and in the region between the shock
wave and the piston (region 2). The solutions found for regions 1 and ?
must be coupled by the conditions at the shock wave.

The problem is solved below by a perturbation method in a small para-
meter, which we take to be q. Such a method of solution clearly
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corresponds to either a weak initisl megnetic field and a shock wave of
moderate intensity, or the case of a moderate magnetic field, but a strong
shock wave,

We seek a solution of the form

V=Vi+aVp+.. o PPt g+
R=R + oy, +..., G =Gy + gGyy + . .. (5)
F=F,+qF,+... A=14gA14...

where k£ = 1 in the region f and # = 2 in the region 2. At the shock wave,
the zero order functions must satisfy the conditions

Ry (Vo — 1) = — Ry, VR (Voo — 1) + Py = Py
1 1 1
Voo — 1) (-f‘—_:‘f ng+"2‘ Rme2)+Pme:“m Py (8)

Vo= (55), — o (T5), G =G

@z Wy

At the piston, i.e. for A = V_, we have the condition V,4 =V

n n’

We consider the solution of the problem in region 1. Noting that
Vip = 0, and substituting (5) into the system (4), we obtain for the zero
order approximation

MGy = 871F ', — MGy’ == &R F o — BA2F ' (7}
The remaining equations of the system (4) are identically satisfied.

The solution of the system (7) has the form

Fio = o [1g | Gio = — cwkmon | 273 (1 — 81 (1 + S)~0rtDas, (8

In particular, for 21rw1 = 1 we obtain

(1 + 6k} 8 {—8%
Gio = 2¢10 [h\ -%;\. + Y ] 4 egn, Fro= 1o m )
¥We consider the solution of the problem in region 2. Sgbstitutingk(S)
into the system (4), we obtain for the zero order approximation the
equations

(10)
— ARy’ + (RaVae) =0,  Rao(Vw—A)Va'+Pw'=0,  (Vao— 1) Pu’ + 1Psln’ =0
AGw' = 5 Fu',  —ACu = iftiz — SNF’ (1)

The system of Bquations (10) is satisfied by the hydrodynamic solution
V=V, Py = const, Rgo == const
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Equations (11) must be solved for Véo = const. From the system (11)
we find

G’ =c0(1 + 6;")(1 11— 6A)b7\._1+4m"¢svﬂ' (12)
a=— (1 4 2nw; 4 2310)261,20), b= —1 4 2nw; — 270,68V

In this way G20 is found by quadrature, and then F,, is determined
from the second equation of the system (11). In the general case the
function 6200‘) may not be written in a simple form. (For particular
values of the parameters, for example, 4Www = 3, 38 V20 = 1, the integra-
tion can be carried out easily.)

However, by noting that A <1 in region 2, while § = Do/c is small
for ordinary shock waves, we may obtain an approximate solution by
neglecting the term SA in comparison with unity in Equations (12) and in
the subsequent calculations. The conditions of continuity of the electro-
magnetic field across the shock wave and at the electromagnetic wave
front are used for determination of the arbitrary constants appearing in
the solution.

We consider the first approximation, i.e. we ascertain in what manner
the presence of the initial magnetic field affects the motions of the
gas to a first approximation.

In the regions 1 and 2, for R“, V“, P“ we have the equations

RV "+ W, ,—AR,/=0 O
k0" K1 ko 31
A , (4] (k)=—(Fk—6Vka)Gk
Ry, (V,‘.0 —A) V,‘1 + Pm =0, \) k1 A 0 0-'ko’ Yko  (13)
Vio—=M) Py’ + 1PV’ = Dy (M) O, (M) = k "’k (Fro— 0V 0Gio)?
Here ®kl and ka are known functions dependent on the zero approxima-
tion; V10 =0, Plo and Rlo are the constant dimensionless magnitudes of
the pressure and density in the undisturbed medium. The conditions at
the shock wave for the functions Vkl, Rkl' Pkl and le are
(RioViy — RypgA + RV — Ry} =0
Ve—1) (Bkovkx + VkoRkl) + Vkonko Vin— Al) + ka) =0

V=027 Pu+ 3R mf + RV i) +
T Vin—4y) ( ko+ koz) + PV i + VioP n} =0 (14)
{4“'5Vko (Gig'8y + Gyy) + &m0V, Gy — (Gko 8;+ G+ o~ ko'} 0

(le + Gko'Al) =

On the piston for the second approximation we have the condition
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Var==0 for h=U/Dy

The conditions on the electromagnetic wave for the first and the sub-
sequent approximations are

P}m:h’lmzalm:ﬁ‘lm:»:o (I)L:‘:i, 2, 5)

The solution of system (13) has the form

2 2
Vi = — -—————mf,n“ mll dh, It = \ ____“_________“__f?m (MDy %*.mm? dh
& Ao — TP < A (TP — M)
1% 1%
. iy (15)
, :.[m AR xm“+mQPx V. :g (Voo —2) Doy — Dy
1 ]l n -+ mTPw——iﬁﬁm y Vo . oo =0 T — 7P I’y
’ n
. {Vgg) - 7\-) q}ﬂ "“ (DH -
Pm = S [(Dm _ (I’ 20 l) ]g;z{) (V-zo o A}g 1{20 — hfl):!()] dh —f‘ €at
(16)

Ru =\ = BV —3) Opy — D] dh
B=" B Veo — ) [(Veo — M) Rog — D] T 3

The constants €91 and €33 are found together with AI from the system
of three algebraic equations which are obtained after substitution of
(156) and (16) into the first of three equations of the conditions (14),
In this way the problem of determination of the functions in the first
approximation is solved. The sclution for subsequent approximations is
obtained in an analogous fashion.

By this same method one may treat the problem of the motion of a plane
piston with constant velocity in a detonating medium with the same law of
variation of o with z as was assumed above. The method used above may
also be applied to the solution of the problem of propagation of a plane
detonation wave including the effect of a magnetic field.
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